In this paper, we study a type of nonlinear fractional differential equations multi-point boundary value problem with fractional derivative in the boundary conditions. By using the upper and lower solutions method and fixed point theorems, some results for the existence of positive solutions for the boundary value problem are established. Some examples are also given to illustrate our results.
Introduction
In recent years, fractional calculus has widely been applied in various science fields, see [1] [2] [3] [4] . Many important phenomena in non-Brownian motion, signal processing, systems identification, control problem, viscoelastic materials and polymers are well described by fractional differential equations [5] [6] [7] [8] [9] . There are many papers dealing with the existence of solutions (for positive solutions) for boundary value problems of nonlinear fractional differential equations by the use of techniques of nonlinear analysis. Examples are, fixed point theorems, fixed point index theory, upper and lower solution method, etc, for the details, see [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . * E-mail: xipingliu@163.com
In [21] , the authors considered the existence, multiplicity and uniqueness of positive solutions of the following nonlinear fractional differential equation boundary value problem In [23] , the authors investigated a fractional four-point boundary value problem
is the Caputo fractional derivative. By fixed point theorems and successive iteration method they obtained some results on the existence, multiplicity and uniqueness of positive solutions.
Although the boundary value problems of fractional differential equations have been investigated by some researchers, the results dealing with the existence of positive solutions of the multi-point boundary value problem with fractional derivative in boundary conditions are relatively scarce. In [24] , the nonlinear differential equation of fractional order with three point boundary value problems are concerned
where D α 0+ is the standard Riemann-Liouville fractional order derivative and :
Caratheodory type conditions. By using some fixed-point theorems, the authors obtained the existence and multiplicity results of positive solutions. Motivated by all the works above, in this paper, we are interested in the existence of positive solutions for the following nonlinear fractional differential equation withpoint boundary value problem
where 3 < δ ≤ 4, 1 ≤ η ≤ 2 are real numbers, and D δ is the Riemann-Liouville fractional differential operator of order δ, λ ≥ 0, for = 1 2 − 2,
We assume that :
is an arbitrary continuous function. By using the upper and lower solutions method and fixed point theorems, the sufficient conditions for at least one, two and three positive solutions of the -point boundary value problem (1) are obtained respectively. Some examples are given to illustrate our results. Last but not least, it is also a very interesting idea that the fractional derivative is involved in the multi-point boundary conditions in our paper. This paper is organized as follows. In Section 2, we present some basic definitions and lemmas to prove our main results. In Section 3, we consider the existence of at least one positive solution for problem (1) by the method of upper and lower solutions and the Schauder fixed point fixed theorem. In Section 4, the existence of at least two solutions are obtained by using the Krasnosel'skii fixed point theorem. In Section 5, we consider the existence of at least three positive solutions by using the LeggettWilliams fixed point theorem, and some new results are established. Some examples are presented to illustrate our main results in Section 6.
Preliminary results
In this section, we give some definitions and lemmas to facilitate the analysis of the problem (1).
Definition 1 (see [5] ).
The standard Riemann-Liouville fractional derivative of order δ > 0 of a continuous function : [0 +∞) → R is given by
denotes the integer part of number δ, provided the right integral converges. [5] ).
Definition 2 (see
The Riemann-Liouville fractional integral of order δ > 0 of a function : [0 +∞) → R is defined by
provided the right integral converges.
Lemma 3 (see [7] ).
is valid if and only if
where N is the smallest integer greater than or equal to δ.
Lemma 4 (see [16] ).
for some ∈ R, = 1 2 N, where N is the smallest integer greater than or equal to δ.
Lemma 5 (see [7] ).
Assume that ∈ C [0 1] and δ η are two constants with δ > η ≥ 0. Then
By Lemma 4 and Lemma 5, we present an integral presentation of the solution for the linear equation associated with (1). We denote
where J = [0 ξ ] and X J is the characteristic function of the set J , that is
Lemma 6.
Let ∈ C [0 1], 3 < δ ≤ 4, and 1 ≤ η ≤ 2, then the linear boundary value problem
has the unique solution
where the Green function G is given by
Proof. According to Lemma 4, the problem (2) is equivalent to the integral equation
where ∈ R, for = 1 2 3 4. From Definition 2, we have
The boundary condition (0) = (0) = (0) = 0 implies that 2 = 3 = 4 = 0. Thus
As an consequence of Lemma 5, we obtain
From the boundary condition
Hence, the unique solution of (2) is given by
We complete this proof.
It is easily checked that G( ) is a continuous function of
The function G( ) plays an important role in our paper and has important properties as follows.
Lemma 7.
Suppose λ ≥ 0, = 1 2
function appearing in Lemma 6 satisfies
Proof.
We consider the property of the function G 1 ( ) and G 2 ( ), respectively. It is obvious that
If ≥ , then
According to the definition of G 2 ( ), we can get that
So, we have that
Obviously, by Lemma 7, we have the following lemma. | ( )|, and
We define the operator Φ : P → E by
It is clear that is a solution of the problem (1) if and only if is a fixed point of Φ. Now, we shall show that Φ is completely continuous.
Lemma 9.
The operator Φ : P → P is completely continuous.
Proof. In view of Lemma 7, we have
For all ∈ P, we obtain
Hence, we have if ∈ P, then Φ ∈ P, that is Φ : P → P.
Let Ω ⊂ P be a bounded and closed set. Then there exists a constant M > 0 such that | ( ( ))| ≤ M for ∈ Ω and ∈ [0 1]. We have 
For any ∈ P, we have
Thus, Φ(Ω) is equi-continuous. Since G and are continuous, and is continuous on [0 1], we can show that Φ is continuous. Therefore, Φ is completely continuous by the ArzelaAscoli theorem.
The existence of at least one positive solution
In this section we will prove the existence of at least one positive solution for the -point boundary value problem (1) by the upper and lower solutions method. Firstly, we present the definitions of the upper and lower solutions of the problem (1).
Definition 10.
A function α is called an upper solution of the problem (1), if α ∈ C [0 1] and it satisfies
Definition 11.
A function β is called a lower solution of the problem (1), if β ∈ C [0 1] and it satisfies
Theorem 12.
Suppose the following conditions are satisfied. (i) ( ) is monotone nondecreasing in , ( ( )) = 0, for ∈ [0 1], where
(ii) There exists a positive constant ρ < 1 such that
Then, the boundary value problem (1) has at least one positive solution.
Proof.
Step 1. We find the upper and lower solutions of the boundary value problem (1). We denote that
( ( ))} and 4 = max{1 max
We can easily get that 1 ≤ 2 , 1 3 ≤ 1, 2 4 ≥ 1,
From Lemma 6, we get that ω( ) is a positive solution of the following problem
We can easily get that
On the other hand,
We present that
Obviously, α 1 ( ), β 1 ( ) satisfy the conditions of (3), (4), respectively. So, they are upper and lower solutions of the problem (1).
Step 2. We prove the following fractional boundary value problem
has a solution, where
Since ( ) is monotone nondecreasing in , we have
We consider the operator Φ 1 : P → C [0 1] which is defined as
By the Lemma 9, Φ 1 is completely continuous, therefore, Φ 1 has a fixed point * by the Schauder fixed point theorem and that is also the solution of the problem (5) .
Step 3. We prove that (1) has at least one positive solution. Since * ( ) is a solution of (5), we have that
by Lemma 8, we have
Hence, * ( ) is a positive solution of boundary value problem (1). The proof is complete .
The existence of at least two positive solutions
In this section we consider the existence of two positive solutions of boundary value problems (1). Then, Φ has a fixed point in P ∩ (Ω 2 \Ω 1 ).
Lemma 13 (Krasnosel'skii fixed point theorem(see[27],[29] )).

Let P be a cone in a real
For convenience, we still denote that
Theorem 14.
Then, the problem (1) has at least two positive solutions 1 2 with 0 < max
we obtain ||Φ || > || ||, for ∈ ∂P . On the other hand, since ∞ > A 2 , there exists
1], and
So, we obtain ||Φ || > || ||, for ∈ ∂P R . Let P σ = { ∈ P| || || < σ }. For ∈ ∂P σ , we have
We can obtain ||Φ || < || ||, for ∈ ∂P σ . According to Lemma 13, we can show that the problem (1) has at least two positive solutions 1 2 with 0 < || 1 || < σ < || 2 ||, that is 0 < max
Similar to the proof of the Theorem 14 above, we can easily get the following theorem.
Theorem 15.
The conclusion of the Theorem 14 is valid if
0 > A 1 , ∞ > A 2 is replaced by 0 = ∞, ∞ = ∞.
The existence of three positive solutions
In this section we establish the existence of at least three positive solutions for the problem (1) by Legget-Williams fixed point Theorem.
Definition 16.
The map θ is a nonnegative continuous concave functional on a cone P of a real Banach space E provided that θ : P → [0 +∞) is continuous and
Lemma 17 (Leggett-Williams fixed point theorem, see [28] , [29] ).
Let P be a cone in a real Banach space E, P = { ∈ P| || || < }, θ be a nonnegative continuous concave functional on P such that θ( ) ≤ || || for all ∈ P , and P(θ ) = { ∈ P| ≤ θ( ) || || ≤ }. Suppose Φ : P → P is completely continuous and there exist constants 0 < < < ≤ such that We fix ξ ∈ (0 1) and denote A 3 = (
We have the following results.
Theorem 19.
Suppose that there exist constants 0 < <
< such that the following conditions are satisfied.
Then, the boundary value problem (1) has at least three positive solutions 1 2 3 such that
3 ( ) and min
It is easy to show that θ is a nonnegative continuous concave functional. Let ∈ P , then || || ≤ , by (C 3 ) we have
Hence, Φ : P → P and by Lemma 9 Φ is completely continuous.
Using an analogous arguments, by condition (C 1 ), we have that ||Φ || < , for ∈ P . Then, the condition (H 2 ) of Lemma 17 holds. Let be a constant with < ≤ , we have θ( ) = > , || || = , then P(θ ) = ∅ Let ∈ P(θ ), then || || ≤ ≤ and min
By the condition (C 2 ) and Lemma 7, we have The proof is complete.
Examples
In this section, we give three examples to illustrate our results. .
